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two measurement typesquasi ontinuous LPS (x 5)binned sieve data
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distribution!inreasingbounded in [0,1℄



grain size distributions appliation �nal ommentstraditional proedure (Folk, 1979; Petrology of Sedimentary Roks)1 ompute the ummulative urve (distribution)2 read some quantiles form the line, and derive distribution measures:entral tendenymode: most frequent φmedian: φ50

1

2
(φ16 + φ84)ombined 1

3
(φ16 + φ84 + φ50)sortinginterquartile range: 1

2
(φ75 − φ25) (bad)

1

2
(φ84 − φ16)ombined 1

4
(φ84 − φ16) + 1

6.6
(φ95 − φ5)Argument: statistis require many alulations !omputers are here to do some dirty workRaimon Tolosana-Delgado Doing statistis of (grain size) distributions

skewnesskurtosis
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grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaeompositional data: a brief summary (I)omposition: de�nitionsa omposition is . . . a vetor x = [x1, . . . xD] with
D positive omponents (xi ≥ 0)of onstant sum (P xi = 100)
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D : x′ = x
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grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaefrom ompositions to distributions
distributions: ompositions of in�nite partsa distribution is . . . a urve f(x) withpositive value f(x) > 0 for all xof sum equals 100% =⇒ integral equal to one R

f(x)dx = 1
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∫

d(n)

f∗(x) · g∗(x)n(x)dx = 0 and

∫

d(n)

(f∗(x))
2
· n(x)dx = 1

Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaefrom ompositions to distributionsthe Hilbert spae of distributions: basis and oordinatesin�nite dimension ⇒ in�nite oordinates, in�nite elements in a basisorthonormal:
∫

d(n)

f∗(x) · g∗(x)n(x)dx = 0 and

∫

d(n)

(f∗(x))
2
· n(x)dx = 1series of polynomials (standard physial-mathematial tool)normal density: Hermite polynomialsexponential density: Laguerre polynomialsuniform density: Legendre polynomials (beta density: Jaobipolynomials)

Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaefrom ompositions to distributionsthe Hilbert spae of distributions: basis and oordinatesin�nite dimension ⇒ in�nite oordinates, in�nite elements in a basisorthonormal:
∫
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f∗(x) · g∗(x)n(x)dx = 0 and

∫

d(n)

(f∗(x))
2
· n(x)dx = 1series of polynomials (standard physial-mathematial tool)normal density: Hermite polynomialsexponential density: Laguerre polynomialsuniform density: Legendre polynomials (beta density: Jaobipolynomials)oordinatesHermite polynomials: µ

σ2 , σ2
−1

√

2σ2
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grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaeexample of Hermite polynomialspolynomials: H0 = 1, H1 = x, H2 = 1√
2
(1 − x2)deomposition: φ(x; µ, σ) = φ(x; 0, 1) ⊕ µ
σ2 ⊙ eH1 ⊕ σ2−1√

2σ2
⊙ eH2
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grain size distributions appliation �nal omments harateristis CoDa analysis Hilbert spaeexample of Hermite polynomials
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssalgorithm1 look at the data2 hoose a reasonable �zero� distribution, referene distributiondi�usion ⇒ normal distributionomminution ⇒ fratal, exponential distributionbounded phenomena ⇒ uniform distribution3 ompute the �standardized� density:ln( your histogram/zero density )=Y4 �x (whih, how many) polynomials to use, orthonormal with respetto the zero density (X)
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssalgorithm1 look at the data2 hoose a reasonable �zero� distribution, referene distributiondi�usion ⇒ normal distributionomminution ⇒ fratal, exponential distributionbounded phenomena ⇒ uniform distribution3 ompute the �standardized� density:ln( your histogram/zero density )=Y4 �x (whih, how many) polynomials to use, orthonormal with respetto the zero density (X)5 Y = X · β =⇒ regression =⇒ β̂ new �data� (meaningless β0!)6 apply the method you want to β̂prinipal omponent analysis, non-supervised lassi�ationmapping Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments generalities Aar-Gotthard Darssa glaial data set from the Aar-Gotthard massif (Alps)goal and loationharaterize the e�et of (weathering and) omminution ongrain-size/geohemistry/mineralogy ompositionsfous: omminution ∼ glaial omminution (�uvial sorting)Aar-Gotthard graniti massif, entral Alps (Switzerland); RhoneGletsher, Damma Gletsher, Tiefer Gletsher�uvial sediments, reent entral morraines, older lateral morrainesgrain size analyses:laser partile sizer (LPS), 116 lasses of φ ∈ [−0.865, 14.61]sieves, 11 lasses from φ < −1 to φ > 8analyses of major oxides and trae element geohemistry (not now)Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments generalities Aar-Gotthard Darssmeasured densities
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssmeasured densitiessummary of harateristissample glaier plaement oarsest modes �nest1b Rhone side yes 2 yes2 Rhone side yes 1 no3 Rhone side yes 1 no7a Damma side (older) yes 3 yes7b Damma side (older) yes 3 no7 Damma side (older) yes many yes8 Damma side (older) yes 2 yes9 Damma front no 1 yes10 Damma front yes 1 no11 Damma front yes 1 no16 Rhone washed no 1 yes17 Rhone washed yes 2 yes19 Tiefer front yes 2 yes20 Tiefer front yes 2 noRaimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments generalities Aar-Gotthard Darsslr-transformed densities�tted model: 11 Laguerre polynomials (exponential referene)
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssoriginal densities�tted model: 11 Laguerre polynomials (exponential referene)
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssomparing densities: luster analysis of β̂'snon-supervised lassi�ation: Ward luster analysis
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssomparing densities: 9 and 16 against the other?
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssomparing densities: a �map� of di�erenes

Raimon Tolosana-Delgado Doing statistis of (grain size) distributions−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6

−
0.

6
−

0.
4

−
0.

2
0.

0
0.

2
0.

4
0.

6

explained var: 0.97

Comp.1

C
om

p.
2

RT1−1b

RT1−2

RT1−3

RT1−7aRT1−7b

RT1−7c

RT1−8

RT1−10

RT1−11

RT1−17

RT1−19

RT1−20

−3 −2 −1 0 1 2 3

−
3

−
2

−
1

0
1

2
3

C2

C3 C4

C5

C6

C7

C8

C9

C10

C11

harateristismorraines:old side: 7(a,b,), 8reent side: 1b, 2, 3front: (9) 10, 11, 19,20washed sediment:(16) 17unimodal:2, 3, 10, 11tail to �nest:heavy: 7, (16), 17,19yes: 1b, 7a, 8, (9)no: 2, 3, 7b, 10, 11,20C2: pure exponential



grain size distributions appliation �nal omments generalities Aar-Gotthard Darssomparing densities using the normal referene
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssthe Darss sill data set
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssthe Darss sill data setthe Darss sill data setBalti Sea (412,560 km2): world large brakish water bodiesoeanographi onditions ontrolled by: (i) large river freshwaterinput, (ii) restrited oean onnetions (Danish Straits)
∼ 73% of water exhange is via the Darss Sill (minimum waterdepth: 18 m bsl)prevailing out�ow of brakish Balti waters in the upper part of thewater olumn usually along the Danish oastin�ow of more saline water in the southern part of the area and inthe deeper part of the Kadet Channeltidal urrents are negligible; sediment-transporting bottom urrentsare intermittentoutropping till genetially related to an ie marginal zone, shortre-advane of the retreating Late Weihselian ie sheet (∼ 13,500years BP); thin over of lag sediments (loally, stones and bloks >1 m) Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments generalities Aar-Gotthard Darssonventional analysis: average (µ) and sorting (σ2)
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssproposed analysis (I): average (β1 = µ
σ2 ) and sorting (β2 = σ2−1√

2σ2
)
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssproposed analysis (II): a non-redundant haraterization
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssproposed analysis (II): a non-redundant haraterization
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grain size distributions appliation �nal omments generalities Aar-Gotthard Darssproposed analysis (II): a non-redundant haraterization
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grain size distributions appliation �nal omments�nal omments1 grain size urves an be seen as (in�nite-dimensional) ompositionshigh-dimensionalfurther struture (ordered bins, smoothness)relative sale
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grain size distributions appliation �nal omments�nal omments1 grain size urves an be seen as (in�nite-dimensional) ompositionshigh-dimensionalfurther struture (ordered bins, smoothness)relative sale2 grain size information an be summarized in a few parametersdepend on a referene urveorthogonal =⇒ independentinreasingly omplex
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grain size distributions appliation �nal omments�nal omments1 grain size urves an be seen as (in�nite-dimensional) ompositionshigh-dimensionalfurther struture (ordered bins, smoothness)relative sale2 grain size information an be summarized in a few parametersdepend on a referene urveorthogonal =⇒ independentinreasingly omplex3 these parameters may be statistially treatedto unover groups (luster)to display patterns of variation (biplot)
Raimon Tolosana-Delgado Doing statistis of (grain size) distributions



grain size distributions appliation �nal omments�nal omments1 grain size urves an be seen as (in�nite-dimensional) ompositionshigh-dimensionalfurther struture (ordered bins, smoothness)relative sale2 grain size information an be summarized in a few parametersdepend on a referene urveorthogonal =⇒ independentinreasingly omplex3 these parameters may be statistially treatedto unover groups (luster)to display patterns of variation (biplot)to explain them (regression, anova)to make several measures ompatible (weighted average)Raimon Tolosana-Delgado Doing statistis of (grain size) distributions
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